Abstract. We give a complete description of all locally conformally Kähler structures with holomorphic Lee vector field on a compact complex manifold of Vaisman type. This provides in particular examples of such structures whose Lee vector field is not homothetic to the Lee vector field of a Vaisman structure. More generally, dropping the condition of being of Vaisman type, we show that on a compact complex manifold, any lcK metric with potential and with holomorphic Lee vector field admits a potential which is positive and invariant along the anti-Lee vector field.
Introduction
A Hermitian metric g on a complex manifold (M, J) is called locally conformally Kähler (in short, lcK) if around any point in M, the metric g can be conformally rescaled to a Kähler metric. This condition is equivalent to the existence of a closed 1-form θ such that dΩ = θ∧Ω, where Ω denotes the fundamental 2-form defined as Ω(·, ·) := g(J·, ·). The 1-form θ is called the Lee form and its metric dual is called the Lee vector field. In this paper we assume that θ = 0, i.e. (J, g, Ω) is not Kähler.
A special class of lcK structures is represented by the so-called Vaisman structures, defined by the property that the Lee form is non-zero and parallel with respect to the Levi-Civita connection of g. It is known that a Vaisman structure on a complex manifold is uniquely determined, up to a positive constant, by its Lee form, via the following identity:
On a compact complex manifold of Vaisman type, i.e. admitting at least one Vaisman metric, the Lee vector fields of all Vaisman structures are holomorphic, and coincide up to a positive multiplicative constant. This fact was originally obtained in [13] , but for the reader's convenience we give below an alternative proof.
In [9] , A. Moroianu, S. Moroianu and L. Ornea proved that a compact lcK manifold with holomorphic Lee vector field is Vaisman if the Lee vector field either has constant norm or is divergence-free. Moreover, they also construct examples of non-Vaisman lcK structures with holomorphic Lee vector field on a compact manifold of Vaisman type. These lcK structures, however, have the same Lee vector field as the Vaisman structures. More recently, F. Belgun [1] constructed examples of lcK manifolds with holomorphic Lee vector field on compact complex manifolds which are not of Vaisman type.
In this paper we describe all lcK structures with holomorphic Lee vector field on compact complex manifolds of Vaisman type. In particular, this description provides examples of such structures whose Lee vector field is not homothetic to the common Lee vector field of the Vaisman structures (see Remark 4.9) and which were not known to exist up to date. We also describe all holomorphic vector fields on Vaisman-type manifolds which can be obtained as Lee vector fields of lcK structures.
After introducing the needed notions and notation in a preliminary section, we will recall in Section 3 the description, due to K. Tsukada [13] , of the space of all 1-forms which occur as Lee forms of Vaisman structures. We give here a new presentation, based on two types of deformations of Vaisman structures.
In Section 4 we prove the main results. Given an lcK structure (Ω, θ) with holomorphic Lee vector field T on a compact complex manifold (M, J) of Vaisman type, we show in a first step that there exists a Vaisman structure (g 0 , Ω 0 , θ 0 ) on (M, J) adapted to this lcK structure, in the sense that its Lee form θ 0 is cohomologous to θ and is JT -invariant. This follows by an averaging process and using the aforementioned deformations of Vaisman structures, as well as the convexity of the space of Lee forms of Vaisman structures. In particular, the anti-Lee vector field JT is holomorphic and Killing with respect to the Vaisman metric g 0 . The space of all holomorphic Killing vector fields on a compact Vaisman manifold will be described as a separate result (cf. Lemma 4.4), which allows us to deduce that JT is completely determined by a function a, via the formula JT = aJT 0 −Jgrad g 0 a. Moreover, we prove that the function a is necessarily positive (see Theorem 4.8).
Conversely, we show that on a compact Vaisman manifold (M, J, g 0 , Ω 0 , θ 0 ), given a holomorphic Killing vector field of the form K = aJT 0 − Jgrad g 0 a, where a is a positive function, there exists an lcK structure with holomorphic Lee vector field equal to −JK. Moreover, we describe all these lcK structures by two parameters, namely a K-invariant function and a Kinvariant twisted harmonic form of type (0, 1), which satisfy two certain positivity conditions, thus defining an open set in some infinite-dimensional vector space (see Theorem 4.11).
As a last result, we show that on a compact lcK manifold, not necessarily of Vaisman type, if we additionally assume that the lcK structure with holomorphic Lee vector field T has a potential, then there exists a JT -invariant potential which is positive everywhere.
The lcK condition is conformally invariant: if (Ω, θ) is an lcK structure on (M, J), then (e f Ω, θ + df ) is an lcK structure on (M, J) for every smooth function f . An lcK structure is thus globally conformally Kähler if and only if its Lee form is exact. If this does not hold, the lcK structure is called strict.
On a manifold M endowed with a closed 1-form θ, one may introduce the twisted differential Proof. In the conformal class of g, there exists an lcK metric with Lee form equal to tθ 0 + α. So without loss of generality, we assume that θ = tθ 0 + α. As dJα = 0, we get from (2)
Let n denote the complex dimension of M. Taking the wedge product with Ω n−1 and integrating over M yields
which has the opposite sign of t,
On the other hand, by Stokes' theorem, we have
since θ = 0. We thus deduce that t > 0. 
since α vanishes pointwise on T 0 and JT 0 . This shows that the right-hand side of (7) is positive definite since it is the sum of two positive semi-definite (1,1)-forms which have no common kernel. Clearly dΩ Proof. By Proposition 3.4, θ is cohomologous to the Lee form θ 0 of a Vaisman structure on (M, J). Since the twisted cohomology only depends on the cohomology class of the 1-form, we have H *
On the other hand, it was shown in [6] that the twisted cohomology H * θ 0 (M) vanishes whenever θ 0 is non-vanishing and parallel with respect to some Riemannian metric on M.
We now consider another type of deformation of Vaisman structures, which preserves the cohomology class of the Lee form. Let (g 0 , Ω 0 , θ 0 ) be a Vaisman structure on (M, J) with Lee vector field
Vaisman and we will call it a deformation of type II of (Ω 0 , θ 0 ).
The next result is well-known (cf. [13] ); we provide here a short proof for convenience. Thus, without loss of generality, we may assume that [θ
n−1 is exact and semi-positive, hence (10) dJθ 0 ∧ (dJθ Proof. Let θ be the Lee form of a Vaisman structure (Ω, θ) on (M, J). For any t > 0, the 1-form tθ is the Lee form of the Vaisman structure (t 2 θ ∧ Jθ − tdJθ, tθ) obtained from (Ω, θ) by a deformation of type I. Thus, L is a cone inside Ω 1 (M).
We now show that L is also a convex set. Let
, θ 2 ) are two normalized Vaisman structures on (M, J) with associated Riemannian metrics g 1 = Ω 1 (·, J·) and g 2 = Ω 2 (·, J·). We need to check that θ := θ 1 + θ 2 also belongs to L. We define:
which is clearly a (1, 1)-form. We claim that the symmetric tensor g := Ω(·, J·) is positive definite.
For any vector field X on M the following identity holds:
Using some local orthonormal bases {θ 1 , Jθ 1 , α 1 , . . . , α n−2 } and {θ 1 , Jθ 1 , β 1 , . . . , β n−2 } of (Λ 1 (M), g 1 ) and (Λ 1 (M), g 2 ) respectively, (11) becomes:
Thus, Ω is positive semi-definite. In order to show that Ω is actually positive definite, assume that Ω(X, JX) = 0 for some vector X. If we denote by T 1 and T 2 the Lee vector fields of the Vaisman structures (Ω 1 , θ 1 ), respectively (Ω 2 , θ 2 ), then the above equation yields that X lies in the span of {T 1 , JT 1 }, respectively of {T 2 , JT 2 }.
By Proposition 3.6, there exists a positive constant λ, such that T 1 = λT 2 . Thus, X is of the following form: X = aT 1 + bJT 1 = λ(aT 2 + bJT 2 ). The assumption Ω(X, JX) = 0 together with (12) also implies that θ 1 (X) + θ 2 (X) = 0 and Jθ 1 (X) + Jθ 2 (X) = 0. Hence, we get that a(λ + 1) = 0 and b(λ + 1) = 0. As λ > 0, it follows that a = b = 0 and thus X = 0, showing that Ω is positive definite and (Ω, θ) is a Vaisman structure on (M, J). Let us remark that the Lee vector field T of this Vaisman structure is T = 1 1+λ
LcK structures with holomorphic Lee vector field
This section contains the main result of the paper, namely the description of all lcK structures with holomorphic Lee vector field on a compact Vaisman-type complex manifold.
Let (M, J) be a compact complex manifold of Vaisman type, and let T denote as before the 1-dimensional distribution spanned by the Lee vector field of any Vaisman structure on (M, J) (cf. Proposition 3.6). We consider the space HL of holomorphic vector fields on (M, J) of Lee type, defined as follows: Definition 4.1. The set HL(M, J) is the set of all holomorphic vector fields which can be obtained as the Lee vector field of some lcK structure on (M, J).
Let us introduce the following notion, which will be used in the sequel: 
Proof.
Indeed, the Cartan formula shows that the anti-Lee vector field JT of an lcK structure always preserves the fundamental 2-form:
If, moreover, T is holomorphic, as J is integrable, JT is also holomorphic, thus L JT g = L JT (Ω(·, J·)) = 0.
Let us now give the description of holomorphic Killing vector fields on Vaisman manifolds, which will be used in the sequel. Proof. Let K be a holomorphic Killing vector field on (M, J, g 0 ). Then K leaves also invariant the fundamental form, L K Ω 0 = 0, and thus also the Lee form, L K θ 0 = 0. From the Cartan formula and the closedness of the Lee form θ 0 , it follows that c := θ 0 (K) is constant. Hence, the vector field K splits as:
⊥ and a := Jθ 0 (K). Furthermore, we compute again using Cartan's formula and (2):
In particular, it follows that . Let g be a Riemannian metric on M for which X is a Killing vector field. Then the flow of X consists of isometries ϕ t ∈ Iso(M, g), so its closure G := {ϕ t } in Iso(M, g) is a compact torus with Haar measure dµ, normed such that G dµ = 1. We define
Then the following cohomology classes are equal:
, since the action of any connected Lie group is trivial in cohomology. Furthermore, the 1-form θ 0 is invariant under X, i.e. L X θ 0 = 0, since γ * θ 0 = θ 0 , for any γ ∈ G. As X is holomorphic, γ * θ 1 is the Lee form of the Vaisman structure γ * (Ω 1 ) on (M, J) for every γ ∈ G. By the convexity of the set of Lee forms of Vaisman structures (Lemma 3.8), we obtain that θ 0 is the Lee form of a normalized Vaisman structure whose fundamental 2-form is Ω 0 := θ 0 ∧ Jθ 0 − dJθ 0 . Cartan's formula together with L JT θ 0 = 0 already imply that c := θ 0 (JT ) is constant. Moreover, since θ and θ 0 are cohomologous, there exists f ∈ C ∞ (M, R) such that θ = θ 0 + df and thus we compute:
Considering this equality at a point of extremum for f on the compact manifold M, it follows that the constant c vanishes, hence θ 0 (JT ) = 0.
In the sequel, we will need the following criterion to decide when a vector field is the anti-Lee vector field of a d θ -exact lcK structure: Proof. By definition, K is the anti-Lee vector field of the lcK structure (Ω, θ) if and only if K Ω = −θ. On the other hand, we compute as follows, using Cartan's formula and the fact that L K β = 0 and θ(K) = 0:
Since the lcK structure is not exact, d θ is injective on functions (cf. [7, Lemma 2.1]), showing that K is the anti-Lee vector field of (Ω, θ) if and only if β(K) + 1 = 0. In particular, K, and thus also the Lee vector field −JK, is nowhere vanishing on M.
We will now gather some further information about holomorphic vector fields of Lee type on Vaisman-type manifolds. (ii) Since T is holomorphic, the same holds for JT , so (iii) Corollary 3.5 ensures that every lcK structure (Ω, θ) on a Vaisman-type manifold is d θ -exact, i.e. Ω = d θ β for some 1-form β. Using an averaging argument as before, one can assume that L JT β = 0. By the converse of Lemma 4.7 applied to K = JT we thus obtain that T is never vanishing.
Since [θ] = [θ 0 ], there exists f such that θ = θ 0 + df . We now compute:
which together with the fact that T vanishes nowhere on M, yields the following inequality:
Let us denote by m := min M a the minimum of the function a on the compact manifold M.
Applied at any p ∈ a −1 (m), the above inequality yields a(p)(1 + T 0 (f )(p)) > 0. Hence, in particular, we have m = a(p) = 0.
We assume, by contradiction, that m < 0. The above inequality yields 1 + T 0 (f )(p) < 0 for all p ∈ a −1 (m). As T 0 is a parallel vector field of constant length 1 with respect to the Vaisman metric g 0 , each integral curve of T 0 is a complete geodesic of (M, g 0 ). Moreover, the restriction of the function a along any integral curve of T 0 is constant, since T 0 (a) = 0. Hence, along a complete geodesic γ : R → M starting at a point p ∈ a −1 (m), the following inequality holds: T 0 (f )(γ(t)) < −1, for all t ∈ R, which yields a contradiction, since the function f is bounded. This proves that m = min M a > 0, hence the function a is positive on M.
Conversely, let K = aJT 0 − Jgrad g 0 a be a holomorphic Killing vector field on (M, J, g 0 ), with T 0 (a) = JT 0 (a) = 0. We claim that the Lee vector field of the lcK structure 
, which is clearly not homothetic to T 0 , because a is not constant and grad g 0 (a + k) is orthogonal to T 0 . Examples of compact Vaisman manifolds admitting Killing vector fields which are not everywhere tangent to the canonical distribution T ⊕ JT are provided for instance by compact toric Vaisman manifolds (see [5] , [7] , [12] ) or compact homogeneous Vaisman manifolds (see [2] ). If p is any point in M such that T p ∈ T p ⊕ JT p , then T p = a(p)(T 0 ) p , because grad g 0 a ∈ {T 0 , JT 0 } ⊥ . In particular, as a > 0, it follows that T p ∈ T + p . Thus (ii) is satisfied too. Proof. The first part of the theorem was already proved above. It remains to determine under which circumstances two pairs (h, α), ( h, α) define the same lcK structure on (M, J).
